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Abstract

We study the computational complexity of optimizing hospital capacities in the many-to-one stable matching problem, a key model
for markets like hospital-resident assignments. Unlike the classical fixed-capacity setting, we allow limited capacity changes to
improve resident outcomes while maintaining stability and respecting a budget. This variant has real-world relevance but unclear
theoretical complexity. We prove that deciding the optimal capacity expansion is NP-complete and the optimization problem is

—&

inapproximable within ns

, where 7 is the number of hospitals.

1. Introduction

The stable matching problem in a bipartite graph is a classi-
cal problem that requires a few key ingredients to be defined:
Two disjoint sets of nodes, a set of edges connecting the nodes
in the two sets, a capacity function for each node and a pref-
erence ranking of the node over the edges. A matching is a
collection of edges that respects the capacity of each node, and
it is said to be stable when such collection cannot be simul-
taneously improved for two nodes of every connected pair in
the graph. It has been shown that a stable matching always ex-
ists via a polynomial-time algorithm [10]. If we assume the
graph to be complete and we assume some edges are tied in the
ranking of the node, then the problem of finding a maximum
cardinality stable matching remains polynomial. Nonetheless,
as soon as we relax also the assumption that the bipartite graph
is complete, then the problem of finding a stable matching of
maximum cardinality becomes NP-hard [15].

The stable matching problem has found multiple real-world
applications.  These include admission to education sys-
tems [19, 4], the integration of refugees in hosting countries [9],
and the rationing of healthcare services such as ventilators dur-
ing a pandemic [3]. Most of these applications assume that one
of the sets of nodes (the hospitals) can have the capacity func-
tion greater than one, while the other (the residents) has ca-
pacity one. This is known as the many-to-one stable matching
(HR) problem, where HR stands for hospital-resident. Hence-
forth, we refer to one set of nodes in the graph as hospitals and
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the other as residents.

In the standard version of HR, the capacity of each hospital
is fixed, and the decision-maker selecting a matching (assign-
ment) has no control over these quotas. However, in many real-
life situations, variations in market size—either expansion or
reduction—can play a significant role. For example, the Uni-
versity of Tsukuba recently restructured its course offerings by
allocating a budget of capacities to courses [14]. In Bobbio
et al. [5, 6], mathematical programming tools are introduced to
optimize the allocation of extra capacities, particularly within
the Chilean school choice system. This highlights the practi-
cal importance of considering the HR with capacity variation.
Specifically, there is a need to produce solutions for this prob-
lem version, i.e., feasible assignments of hospital capacities and
associated stable matchings, optimizing a specific objective.

In what follows, we first establish the notation for the many-
to-one stable matching problem. Subsequently, we provide our
main problem definition, which centers on expanding hospital
capacities with the goal of finding a stable matching that bene-
fits the residents under a given budget of extra capacity.

Notation.. Let R = {ij,...,ig]} be the set of residents, and let
H = {ji1,.... jm} be the set of hospitals, with edges & be-
tween residents and hospitals whenever they find each other ac-
ceptable. We assume here that every resident-hospital pair is
acceptable, i.e., & = R X H. Each hospital j € H has a non-
negative integer capacity c;, representing the maximum number
of residents it can admit. Formally, a matching M is a subset
of & in which each resident is matched to at most one hospital,
and each hospital j has at most c¢; residents assigned in M.

An instance of the many-to-one stable matching problem is
atuple I' = (R, H, >, c), where > denotes the preference lists
for both the residents and the hospitals, and ¢ is the vector of
hospital capacities. For a resident i, j >; j* means i prefers
hospital j over j’. Hospital preferences are assumed to be re-
sponsive: each hospital’s ranking is induced by its linear order
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over individual residents. For a matching M, we say that (i, j) is
a blocking pair if (i) resident i is unmatched or prefers j to her
assigned hospital in M, and (ii) j is not at full capacity or prefers
i to at least one resident it currently has in M. The matching M
is stable if it admits no blocking pair.

Whenever all preference lists are strict and complete, the
well-known deferred acceptance (DA) algorithm [10] finds a
unique resident-optimal stable matching, meaning that no resi-
dent can get a strictly better hospital in any other stable match-
ing. Finally, given n € Z, we define [n] = {1,...,n}.

Objective.. We measure the quality of a matching via the av-
erage (or total) rank of the assigned hospitals from the per-
spective of residents. Formally, if rank;(j) denotes the position
of j in i’s preference list (with 1 being the top choice), then
the un-normalised average hospital rank of a matching M is
AvgRank(M) = X jepm rank;(j). This objective is consistent
with finding a stable matching that is most preferred by the res-
idents (i.e., “resident-optimal’), as minimizing this sum identi-
fies the stable matching that yields the best overall outcome for
residents.

1.1. Problem Definition

In many applications, there is a budget of extra hospital ca-
pacities that a planner can distribute among the hospitals. For-
mally, let t € Z* be a non-negative integer vector denoting
how many extra seats are allocated to each hospital. Then, the
instance I'y = (R, H, >, ¢ + t) has hospital capacities c; + ¢; for
each j € H. Suppose further that there is a budget B € Z, such
that we require ) jeq 1; = B. We are interested in whether there
exists a capacity allocation t of size B and a corresponding sta-
ble matching of I'y whose average rank is below some target K.
Formally:

Problem 1 (MIN-AVG,,, HR).

INsTaNce: A HR instance T = (R, 'H, >, ¢), a non-negative inte-
ger B € Z, (extra seats), and a target value K € Z..

QuEsTioN: Does there exist a non-negative vector t € Z* such
that 3 jeq(t; = B and a stable matching My in Iy (with capaci-
ties ¢ + t) for which AvgRank(My) < K?

As we discuss in the sequel, finding such a capacity alloca-
tion and stable matching is computationally challenging: we
show that MIN-AvG, HR is NP-complete and its optimization
version cannot be approximated within a factor of (n)é‘g (where
n is the number of hospitals), unless P = NP. Our complexity
proof is based on a new structure that we call village. Each
village is assigned some extra capacities, and the preferences
of the hospitals and residents in a village ensure that the ex-
tra capacities can be optimally allocated only in a specific way.
The role of the village is to reproduce the functioning of ties
in a stable matching where agents have strict preferences. The
structure of the village can be also used to prove a similar inap-
proximability result for the problem of reducing capacities; the
capacity reduction problem and the problem of capacity vari-
ation in a partition of the set of hospitals are introduced and
studied in an expanded version of this work [7].

2. Related Work

General context. In their seminal paper, Gale and Shap-
ley [10] introduce the stable matching problem and provide a
polynomial-time algorithm, i.e., DA. In general, the main focus
of the literature has been on finding the maximum cardinality
stable matching, which can be efficiently obtained when there
are incomplete preference lists without ties or complete prefer-
ence lists that include ties. Once we assume both incomplete
lists and ties, finding the maximum cardinality stable matching
becomes NP-hard [15].

Capacity variation. In economics, the design of a stable
matching mechanism, when the number of participants of one
side is increased, is known as the entry comparative static.
In [12, 11, 13], the authors prove that when a new hospital is
added to the instance, all residents are matched weakly better.
A substantial part of the literature has focused on strategy-proof
matching mechanisms, i.e., on matching mechanisms that in-
centivize participants to reveal their true preferences. Sonmez
[20] proves that hospitals can manipulate the stable matching
in their favor by falsely reporting a reduced capacity. More-
over, Romm [18] proves that the stable matching mechanism
can still be manipulated even if the reported capacities are used
during the admission process. Yahiro and Yokoo [21] consider a
profile of “resources” that can be allocated to “projects’ (hospi-
tals) and focus on designing strategy-proof and efficient mech-
anisms. Nguyen and Vohra [16] study the problem of ensur-
ing stability in a matching market with couples, and find that
by adding at most 9 extra capacities, the existence of a stable
matching is guaranteed. Contrary to the approach of consid-
ering extra capacities as a parameter, contemplated in the en-
try comparative static, Bobbio et al. [5, 6] consider for the first
time the allocation of extra capacities to hospitals as a decision
variable rather than a parameter. A heuristic solution methodol-
ogy to optimize the outcome for the residents is devised in [1].
Recently, [2] also studies the problem of allocating capacities,
the authors propose a general framework to devise a mechanism
and they study its game theoretic properties. Kumano et al. [14]
study the problem from both a theoretical and practical perspec-
tive, their work was used to guide the reallocation of quotas at
the University of Tsukuba in Japan. Chen and Cs4ji [8] study
the computational challenges of capacity augmentation, with
the goal of minimizing the maximum capacity increase or min-
imizing the sum of capacity increase. Finally, Ranjan et al.
[17] prove that achieving strongly stable matchings often ne-
cessitates quota augmentation, and provide a polynomial-time
solution for minimizing total quota increases.

3. The Capacity Expansion Problem

Our main result establishes the computational complexity
and inapproximability of Problem 1. Denote by MIN-AvVG, HR
opT the optimization version of Problem 1.

Theorem 3.1. MIN-AVG,y, HR is NP-complete. Moreover, un-
less P=NP, for any ¢ > 0, MIN-AvG,, HR oPT cannot be ap-
proximated within a factor of ns=®), where n is the number of
hospitals.



To prove Theorem 3.1, we do a reduction from the problem
of minimizing the cost when there are ties. The stable marriage
(SM) problem corresponds to the HR problem where ¢; = 1 for
all j € H. We call SMT the case in which there are ties in the
SM problem. A tie, denoted by (-), appears when an agent has
in the same position of the list two different participants of the
opposite side. For example, if the preference list for resident i is
Ja, (J1, J3) Jo, then the rankings of j € {j;, j3} are rank;(j) = 2
and rank;(j;) = 4. In SMT, a matching M is weakly stable if
there is no pair such that both agents strictly prefer each other
over their allocation in M.

Problem 2 (MiN-w SMT).

InstaNcE: An SMT instance I' = (R, H, >, ¢) with c; = 1 for all
j € H and a target value K € Z.,.

QUESTION: Is there a weakly stable matching M such that
AvgRank(M) < K?

We use Min-w SMT opt to denote the optimization version
of Min-w SMT, i.e., the problem of finding a weakly stable
matching that minimizes AvgRank. Building upon the ideas in
[15], we can obtain the following result for Min-w SMT.

Lemma 3.1. MiN-w SMT is NP-complete. Moreover, for any
& > 0, Min-w SMT opr is not approximable within a factor of
n'~%, unless P = NP, where n = |H|. This result holds even if
ties are only on residents’ side, there is at most one tie per list,
and each tie is of length two.

The proof of Lemma 3.1 appears in Appendix Appendix
A.1. The technique used there is necessary, but not sufficient,
for proving Theorem 3.1: preserving the matching structure in
the reduced instance, requires a careful allocation of the addi-
tional capacities. To address this, the next section introduces a
new structure, the village.

3.1. Design of the Instance

We focus on instances of SMT satisfying the properties of
Lemma 3.1, and we introduce a polynomial transformation to
instances of MIN-AvG,,, HR. LetI' = (R, H, >, ¢) be an instance
of Min-w SMT such that |[R| = |H| = n. Let L < n be the
number of residents with ties in their preference list. The set
of residents is partitioned in two sets R = R’ U R”, where R’
is the set of residents with a tie of length two at the head of
the preference list and R” is the set of residents with a strict
preference list. Henceforth, we fix an ordering of the residents
in R and denote R’ = {iy,..., i} and R” = {i;,1,...,i,}. Since
preference lists are complete, observe that in any weakly stable
matching every resident is matched. Next, we create an instance
[ = (R, H,%,& of MIN-AvG,y, HR with a specific target value
and budget.
Hospitals and residents. First, we add n* copies of the res-
= (it i*}iepnt)» and we introduce the

. . —7

idents in R’, R = [ reees

set of residents A = {ai,...,a,s). Moreover, we create n*
, Jn}kew We also

copies of the hospitals in H: H = {j’l‘, e
introduce a set Z = {z1,...,2,6} with n® hospitals, and a set
X = {x1,...,x,} with n’ hospitals.

For every resident i, € R’ (€ € [L]), and k € [n*] we introduce
a structure B’E that we call village, which is composed of

e aset of residents (W’Lf = {wlgg}ee[n],

e aresident ylg, and

. =5k -
e two sets of hospitals (V’; = {v’g,e}ee[n] and V, = {vlgye}ee[,,].

. —k —
Two sets of residents (L[’; = {u’;’e}eqnj and U, = {ulg’e}eqnj.

Generally, we denote as V := Uézl UZ; Vi Vv o=
nt —k p —_ =7
U[L/:l Ukzt Voo U 2= U?:l Ukjl (L[I; and U := U§=1 Uk=1 %/f
We also define Y := i, UZ:1{)”§}, and V¢ := Ui, V& In
summary, the new instance I is made of a set of residents
R =R U{’W }[E[L]ke[n4] UYUAUUUU, and a set of

hospitals H = HUXUVUVUZ.

The sole purpose of the hospitals in X is to ensure that there
are sufficient capacities for matching all the residents. The set
of hospitals Z is introduced to make costly certain allocations
of extra capacities. The sets V and V are used to leverage
stability and ensure that multiple allocations of extra seats yield
sub-optimal solutions.

Capacity vector. Every hospital j € H has capacity one, i.c.,
¢j=1.

Preference lists. We now proceed to construct the preference
lists in T,

Given a resident iy € R’ with € € [L], let (jo,, jo,)s Jors - - - DE
her ranking of the hospitals in the original instance I'. We pro-
vide the preference lists of the residents and hospitals in village
B with € € [L] and k € [n*], namely

Wm VL’I’(V{’ \ {V[I} rVIi”[nz],jﬁ(g,l),Z,---,X
Wiy : v“,fvg \ i VE R + 10, 0. Z0o o X
Wie ! Vf,e’(vf \ () V(0 = De + 21, Jottey Lo o X

ee€{3,...,n}
k.=k =k =k k+1

Vi Vs Vi1 Vg vfn,(V;r Lo X

k.o k A k k' (W k' y

Vee s Upos T Wi oo {W[,e}k';&k’{ g}{’,k \ {Wg,g}k” cee
e € [n]

k .k

u&g.v“,... e € [n]

% . A, (Wk k(g K N k

Vee ufe’ \ {W“} yga{ ¢ }é’,k’;&k \ {Wf’g}k/¢k7 NUA {)7(}
e € [n]

—k =k

Up, * Vigse- e € [n]

where jr. 1s the hospital listed in position e by resi-
dent i, and VX is the set of hospitals V listed as follows:
(Vv VL VR, for k € [n*]; note that when k > n*
then we take ‘”V’jr for k (mod n*). Moreover, we denote by
V¥ [n] the first n elements of the ordered set V¥ . The purpose of
positioning set V**! in the preference lists of the residents w[ ”

(e € [n]), is to ensure that we can mimic rank;, (), j € H, of the
original instance while also ensuring that multiple allocation of
extra capacities to the same hospital are sub-optimal. The sym-
bol “...” means that the agents on the other side of the biparti-
tion not explicitly listed are ranked strictly and arbitrarily. Now,
we present the preference list of a hospital j* € H, which is a



modification of the preference list of hospital j, € H. We mod-
ify the original preference list of j, by substituting every resi-
denti, € R, € € [L], with resident w’;’r where r is the position of
hospital j, in the preference list of resident iy (e.g., r = 2 if j. is
the second hospital listed in the tie at the head of the preference
list of i(); at the head of the preference list of j¥, we position A.
Concerning the residents in R, we substitute every iy € R”,
(¢ € {L+1,...,n}), with if. Then, hospital ji ranks arbitrarily a
strict ordering of the remaining residents, and at the end Y. We
introduce the preference list of a resident i’{f er’ by modifying
the strict preference list of the corresponding resident iy € R"':
Joe1ys - - - Joey In I'. The preference list of i’g in our new in-
stance I is V& [n? + 21, j& , V&2 + 2,10, /&, VE I [n? +
2,2],..., V&R + 2,n - 1],j’f,n,Z...,X where VK*1[b, c] is
the set of n? — 1 hospitals from V! that is listed from index
b+ (n* — 1) - c onward. Note that if we go over the limit, we
consider again the modulo class. The preference lists of resi-
dents in Ais a, : z,, .. .; and the preference list of the hospitals
in Zis z, : ap,.... The preference lists of hospitals in X are
arbitrary. Finally, it is worth noting that every stable match-
ing in " will include the following pairs: {(ap, 2p)}pepney> and
(@}, v ), (W} 4,V ) eei) ectn xent)» @S they rank each other first.
Target value and budget. Consider an instance of MiN-w SMT
with a given target K, where L is the number of residents with
a tie at the head of their preference list. We define the target
K = n® K+n°®+4n° L+3n° —n*L and budget B = L-n’ for Min-
AVGyy HR. Note that R = R UfWH) se(1kepn) UY UAUVUUTU
andH = HUXUVUFVU Z. Therefore, the instance [
consists of (n — L)n* + L(n + Dn* + n® + 20°L) + 1 + n” +
213 L+n®) = n” +2n°+n(2+5L) residents and hospitals, which
is O(n"); therefore the construction can be done in polynomial-
time. Finally, if no extra seats are assigned in our new instance,
the residents will be matched to X, leading to a higher average
hospital rank.

3.2. Useful Lemmata

Next, we prove that the reduction previously introduced
maps a weakly stable matching of SMT into a stable matching
of HR, where the average rank of the new matching is propor-
tional to the average rank of the one in SMT.

Lemma 3.2. Let M be a weakly stable matching in T with
AvgRank(M) = Ky There is an allocation t respecting the
budget B = L-n° and a stable matching Mt in ft = (7?, 7?, S, e+
t) with AvgRank(My) = n® - Ky + n® + 4n°L + 3n° — n*L.

Proof. Let M be a (complete) weakly stable matching in I'. Let
index;, () be the index of hospital j in resident i, preference list,
i.e., index;,(j) is equal to 1 or 2 if j is ranked first, otherwise
is equal to the rank of j. Define the set of indices in M as
Idx(M) = {({,r) : r =index;,(j), (i¢, j) € M N (R x H)}. The
set Idx(M) contains the information of the pairs R’ X H that are
matched in M. Given M and Idx, we now define the following
sets that will be helpful in this proof. For every k € [n*], we
define the set of residents "W’;W = {w’ti’r eW: (6,r) e Idx(M)},

and define the sets of hospitals $]1<\4 = {V’[f’, eV : (L e

Idx(M)}, and (V’}‘W = {vlz,e eV : (Lr) € Idx(M), e € [n] \
{r}}. Now, we provide an allocation of extra seats t with a total
budget B = L - n° and a stable matching M in I

Allocation of extra seats. For every k € [n*], we assign n

. . =5k
extra seats to each hospital in V), U VX . For the rest of the
hospitals, we assign no extra capacities. Formally, for k € [n*],

we havet, = 1ifv € $1}<w U (V’;V[, and 1, = 0 otherwise. Since
L = |R'], all of the extra seats B = L - n° are used.

Matching. For each (¢,r) € Idx(M) with j such that r =
index;, (j) in I', we match the following pairs in M: (wlg’r, jk),
(yif,?lg’,), and (w’g’e,v’;’e) for e € [n]\ {r}) and k € [n*]. Note
that if j is ranked first by iy, the hospital is listed first or sec-
ond in the tie. If j is listed first, then » = 1 and we match the
pairs {(wf |, /) ket otherwise, r = 2 and we match the pairs
{(w’gyz,jk)}ke[,,q. For each (i, j) € M with i € R”, we match
the pairs {(ik,jk)}ke[nq in M;, where j* is a copy of j in H.
Formally, My = {(*,j5) : (i,j) € M N (R’ x H)and k €
(1)} VAW, /) o 1 = index, (), (i) € M N (R x
Hyandk € [n*]} U{G5V,) © (6r) € Idx(M)andk €
[n*]} U {(w’tﬁ,e,vlg’e) : (6,r) € Idx(M), e € [n] \ {r}and k €

[T UL o V8 ), W oo Vi Db et ectmactntt U (@ps 2p)peins)-

The only hospitals that are matched to two residents are those
that receive one extra capacity according to vector t. All the
other hospitals are matched at most to one resident. Therefore,
M is a matching. Let us verify that M is a stable matching in
[, First, note that residents ¥ € ® and hospitals j* € H
cannot create blocking pairs because of their stability in M.
Now, we check the stability of the pairs in each B where

ip € R with € € [L], and k € [n*]. The pairs matched in B’;

. —k —k =k
are (wy ., /), Wy, g ), 00 e,) and (G, Vi ), Gl s Vg ) pein

where e € [n] \ {r}.
The agents in the pair (w’; - j*) are not part of any blocking

pair; in fact, w’ér cannot be matched to any of the hospitals in

—k
{v’;,r} UV, \ {V’}’r} because they have capacity one and they are

all matched to their most favorite resident in U U U. Also N

cannot be part of a blocking pair. Indeed, all the residents w’;, »

k

ranked in the hospital’ preference list before w’ = are matched

tr
to hospitals of the form v’;,’r, that they rank first or to another
hospital j* they prefer over j* (due to the stability of M in T').
The overall structure of the village allows to mimic the original
matching while adding a fixed cost of the village to the total
cost of the matching. We display this idea in Figure 1. If i, and
Jj are matched in the instance Min-w SMT, then, in the reduced
instance, we match the copy w’;’r to the hospital-copy j*; note
that the rest of the village B’g is matched to itself. Remarkably,
we can match the remaining residents of the village B’; to the
hospitals in the same village in a stable way.
For e € [n]\ {r}, w’;’e ’[i’g first, and v’;’e has capacity two
and ranks w’;’e second. Hence the n — 1 pairs (wg,, v’ze) do not
include any agent who may be part of a blocking pair.

If r = 2, then y’[‘ ranks Viﬁyr first, and V’E}r cannot be matched
to any of the residents in (W’g \ {wléf’r} because of the previous

ranks v

point. Moreover, V’;’,. has capacity two and is also matched to



k
Wf,r

e

Min-w SMT

residents in Bf.‘ \ {wk }

' hospitals in Bf

MiN-AvG,,, HR

Figure 1: Edges denote matches: (ig, j) in MiN-w SMT maps to a stable pair (w’é - 75 in MIN-AvGyye HR via the village B’[‘

E;r. Therefore, the agents in the pair (Y%, V’;’,) do not take part in
ablocking pair when r = 2. If r # 2, then y’g ranks \715", second or
r—1}:
Each ﬁlg’q has capacity one and it is already matched to ﬁlg‘q. On

more, and y’g cannot be matched to \7];’(1 forqge{2,1,3,...,

the other hand, V][", cannot create a blocking pair with any of
the residents in "W’{f \ {Wltf,r} because these residents are matched
to their most preferred hospitals. Then, the agents in the pair
(y’;,v’;,,) do not create blocking pairs for r # 2.

The pairs {(”IZ,p’ v’;’p), (ﬁ’g, P 312,1,)} peln) do not involve any agent
who could be part of a blocking pair. First, each of these listed
pairs matches two agents that rank each other first. Second,
for those hospitals with capacity two, from the previous points,
we conclude that there are no residents with which they could
create a blocking pair.

Therefore, M is a stable matching in ;. Next, we compute
the average hospital rank in M and M. In M, we can distinguish
whether a resident is in R” or R’ and we can distinguish if a
resident is matched to a hospital ranked first or not. Let G be
the average hospital rank of residents in R”, K] be the average
hospital rank of the residents in R’ that are matched to a hospital
in their ties, and K7 be the average hospital rank of the residents
in R’ that are matched to a hospital they rank third or more.
Note that K] is also the number of residents from R’ matched
to a hospital they rank first. The average hospital rank of M is
Ky=G"+K, +K;.

We now prove that, given k € [n*] and (£,r) € Tdx(M), the
average rank of the residents in village B} is: (n+n*-r+3)+(n—
1)+(2n). The first term comes from the residents matched in the
two pairs (wf , /) and (%, ,): if r = 1, then w¥ | ranks j* at
position n+n* + 1 and y’; ranks V’;’l at position 2, thus summing
ton +n? +3; if r = 2 then w’;’z ranks j* at position n + n? + 2
and y* ranks ¥, at position 1, thus summing to n + n? + 3;
if r > 2, then w’;,r ranks j* at position n + (n*> — 1)r + 2 + 1
and y’; ranks v’g,z at position r, thus summing to n + n*> + 3.
The second term comes from the (n — 1) residents matched in
the pairs {(w’;e v’ge)}ee[n]\[, The third term comes from the 2n
residents matched in the pairs {(u{, s vgp) (u[p, Ve p)} Note that
m+n*-r+3)+m—-1D+@n)=n*>-r+3+@n—-1). Onthe
other hand, each resident i’; for{ € {L +1,...,n}is matched to
a hospital j*, and w.l.o.g. j is ranked r by i, in T'; therefore, if
ranks jk at position 24+ + 1+ =1D)-m2=D+(r=1) = n®-r+3,
where the first term comes from the cardinality of the first set
ranked by i’;, the second term comes from the first j ranked by
i¢, the third term comes from the number of sets of the form
V**1[n? +2, e] (each of cardinality n> — 1) positioned before j,

and the last term is the number of hospitals j** ranked before j*.

Therefore, the residents in copy k have an average rank of
[n?-G”+3(n—L)]+n* (K, +K)+[3+@n-1)]-(L) = n* Ky+3(n—
L+L)+(@4n—-1L = n*- Ky +4nL+ 3n— L, where the first term
comes from the residents i’g for£ € {L+1,...,n} (note that when
we sum the contribution of each such resident we have the sum
comes from the remdents {w[’r, yt,} for (f r) € Idx(M) and the
third term comes from the remaining residents in the villages
indexed with k and the constant 3 multiplied by the number of
students in villages matched to a hospital j*. Note that when we
sum the contribution of each resident in every village that is not
matched to a hospital v’{f’e, we have the sum X se(r41, n*-rp+3,
where 7, is index;,(M(is))). Since k € [n*], then AvgRank(M)
isn* - (n*- Ky + 4nL + 3n — L) + n°, where the last term comes
from the residents in A. Hence Angank(Mt) =n® Ky +n°+
4n°L + 3n° — n*L. O

In Appendix Appendix A.3, we provide an example of an
instance showcasing the details of a village.

Now, we show that the allocation vector and the stable match-
ing from Lemma 3.2 correspond to the solution with the mini-
mum average hospital rank, as long as the original matching of
I' is of minimum average hospital rank.

Lemma 3.3. Consider a weakly stable matching M in T of min-
imum average hospital rank. Then, the allocation t and the sta-
ble matching My from Lemma 3.2 are a solution of minimum
average hospital rank for T when B = L - .

The proof can be found in Appendix Appendix A.2.

3.3. MIN-AVGex, HR is NP-complete

Proof of Theorem 3.1. MIN-AvGgy, HR is clearly in NP since
given t and a matching Mt in instance [y, we can verify in
polynomial-time whether M is stable, whether the budget B is
allocated and whether its objective value is less than the target
value. We now show that MIN-AvG.x, HR is NP-complete.
From Lemma 3.1, we know that MiN-w SMT is NP-
complete. Consider the reduction given in Section 3.1. In the
constructed instance I of Min- AVGEXP HR we set the budget to
B = L-n® and the target value to K = n®-K+n®+4n’ L+3n°—n*L,
where K is the target value of the instance of MiNn-w SMT.
First, suppose that the answer to the instance of MiN-w SMT
is NO, i.e., there is no weakly stable matching M with an av-
erage hospital rank less or equal than K. Let M be a weakly
stable matching with minimum average hospital rank Kj;; note
that K); > K. Next, we prove that there is no allocation of



extra seats and a stable matching in the respective instance [
of MIN-AvGg,, HR with an objective value less or equal than
n - K +nl +4n°L + 3n° — n*L. Indeed, in Lemma 3.2, we
show that there is an allocation t and a stable matching M
with AvgRank(My) = n® - Ky + n® + 4n°L + 3n° — n*L. In
Lemma 3.3, we prove that this is a minimum average hospi-
tal rank for I" since M is an optimal matching. Therefore,
10Ky +nl+4n’L+3n° —n*L > n®-K+n®+4n° L+3n° —n*L = K,
which means that the answer for the instance of MIN-AvG,, HR
is also NO.

On the other hand, consider a YES instance of MiN-w SMT.
Then, there is a weakly stable matching M with an average hos-
pital rank of K); < K. Therefore, the allocation t and the stable
matching M in I" constructed in Lemma 3.2 have an objective
value of Ky + n® +4n°L +3n° —n*L < n® - K + n® + 4n°L +
3n5 - n*L = K. Hence, the instance of MIN-AvG,,, HR has a
YES answer.

Let us prove now that, for any &, MIN-AvG,, HR oPT is not
approximable within a factor of (7)!/°~¢, where 7 is the num-
ber of hospitals in the reduced instance, unless P=NP. Con-
sider an instance I' of MiNn-w SMT with n hospitals and 7 res-
idents, where L > 1 of the residents have a tie in their prefer-
ence list. Let M and M" be the stable matchings of mini-
mum average hospital rank for the cases in which the answer
of the decision problem MiNn-w SMT is YES and NO, respec-
tively. Lemma 3.1 implies that, for any £ > 0, AvgRank(M"’) >
n'=¢ - AvgRank(M’*%). Now, consider the reduction presented
in Section 3.1 from instance I to an instance I of MIN-AVGgyp
HR. Lemma 3.3 implies that there are allocations t and t’,
and matchings M,*" and M} for the respective YES and NO
answers of MIN-AvG., HR such that Angank(Mf”) =nd.
AvgRank(M>*%) + n® +4n’L + 3n° — n*L and Angank(M:',”) =
n® - AvgRank(M") + n® + 4n°L + 3n° — n*L. Then, for any
AvgRank(M _ n®AvgRank(M")+n®+4n> L+3n3—n*L
AvgRank(M)*) — n®-AvgRank(M>¢$)+n®+4n’L+3n°—n*L =

1-¢
n

. AvgRank(M") . . (:)T
AveRank(ey = €S2 ¢ (5 for some constant ¢ > 0.

This completes the proof. O

e > 0, we have
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Appendix A. Missing proofs

The following problem is useful for the missing proof that
we provide in this Appendix.

Problem 3 (Max-Carp HRTT).

INSTANCE: An HRTI instance I' = (R, H, >, ¢) with c¢; = 1 for
all j € H, |H| = |R| and a non-negative integer target value
KeZ,.

QUESTION: Is there a weakly stable matching M such that |M| >
K?

Recall that HRTI corresponds to the problem with ties and
incomplete preference lists. Manlove et al. [15] proved that
Max-Carp HRTI is NP-complete. As the next remark states,
this result holds even if ties are at the head of the preference



list, only on one side of it, at most one tie per list, and each tie
is of length 2.

Remark 1. After the proof of Lemma 1 in [15], the authors
showed that the problem Max-Carp HRTI can be simplified to
the case in which ties are only on one side of the bipartition and
are at the end of the preference list. Since the ties of the new in-
stance created in Lemma 1 from [15] are of length at most two,
we can use the same reasoning to assume instead, without loss
of generality, that in an instance of MAx-Carp HRTI and the
corresponding MiN-w SMT instance of Lemma 3.1 ties occur
only at the head of a preference list.

Appendix A.1. Proof of Lemma 3.1

In this section, we prove that MiN-w SMT is NP-complete
and its optimization version cannot be approximated within a
constant factor. The proof is inspired by the proof of Theorem
7 in [15]. The result in [15] is stated in the traditional notation
of the stable marriage problem where both sides are defined
as women and men, instead of residents and hospitals, respec-
tively. To keep coherence with the previous work, for this proof
we also denote both sides as women and men.

Proof of Lemma 3.1. Clearly, MIN-w SMT is in NP. Given & >
0, let a = [(3/e)]. From Theorem 2 in [15], we know that,
when ties occur on the women’s side only, and each tie has
length two, Max-Carp HRTI is NP-complete. Consider an
instance of Problem 3 with H = {m;,m,,...,m,} and R =
{wi,wa,...,w,}. We assume that the target value K is equal
to n, since it was shown that even for this target value the prob-
lem is NP-complete. Let Oy, (resp. Rj) denote the preference
list of man my, (resp. woman wy,) for i € [n]. Next, we build an
instance of MiNn-w SMT. Let C := n¢"!, then

U (Uszy H") with HO =
}and HH = {ml,mg,...,mﬁ} for h € [C];

e the set of men is H’' =

0 ,.0
{ml,mz,...

e the set of women is R = R’ U (Uhe[c] R”) with R0 =

{w(l),wg,... }and R = {wl,wg,...,wﬁ} for h € [C];

e for each & € [n] and s € [C], let O; be the preference
list obtained from Oy, by replacing woman wy, in Oy, by the
corresponding woman wy, for every k € [n]. We refer to
the women in O; as the proper women for m;. Similarly,
we define R; and the proper men for w;. The preference
lists for H” and R’ are

mg : wg. h € [n“]
mj OZ,RO heln], se[C]
wgzmg.. h € [n]
wi R HO heln], s€[C]

2

where the dots “ in the preference lists mean that the
remaining agents on the other side of the bipartition are
ranked strictly and arbitrarily, and the sets mean that the
agents within are ranked according to their indices;

e the target value is K’ = |[(n*?)/2].

Our Miv-w SMT instance comprises 2n¢ men and 2n¢
women, so that 7 := 2n“. Note also that the only ties in
Mmv-w SMT occur in the preference lists of women w; for
h € [n], s € [C]. Moreover, there is at most one tie per list,
and each tie has length 2.

Suppose that we have a YES instance for Max-Carp HRTI,
i.e., there is a stable matching M with [M| = n. We create a
matching M’ in MiN-w SMT as follows: For every & € [n¢], we
add the pair (mg, wg) to M’, and for each s € [n], we add the
pair (m ) to M’ for all £ € [C], where (m,, w;) € M. Note
that M’ is stable for our MiN-w SMT instance. We also have
that

a+2
AvgRank (M) < n® +n*'n* < VTJ =K,

since, without loss of generality, we may choose n > 3. There-
fore, the objective value in MiNn-w SMT satisfies the target of
K.

On the other side, let us suppose that we have a NO instance
for Max-Carp HRTI, i.e., it does not have a stable matching of
cardinality n. Then, in any stable matching M’ of MiN-w SMT,
it holds that, for every s € [C], there is some & € [n] for which
w; is not matched to one of her proper men. Nonetheless, in
M, m2 and w2 must be partners, for every i € [n]. Therefore,
there is some h € [n] such that rank,, (M'(wz)) > n“. Hence,
AvgRank (M’) > n**~! > K’ for any stable matching of our
MmN-w SMT instance.

Therefore, the existence of a polynomial-time approximation
algorithm for MiN-w SMT opt whose approximation ratio is
as good as (2n2”‘1) /n?*? = 2n%=3 would give a polynomial-
time algorithm for determining whether Max-Carp HRTT has a
stable matching in which everybody is matched (i.e., K = n).
To conclude, we note that 2n4~3 (2/21 3/") pl-3la > pl-3la

7', which ends the proof. O

Appendix A.2. Proof of Lemma 3.3

Proof of Lemma 3.3. Let M be a (complete) weakly stable
matching in I'.  Let index;, (j) be the index of hospital j in
resident i, preference list, i.e., index;,(j) is equal to 1 or 2
if j is ranked first, otherwise is equal to the rank of j. De-
fine the set of indices in M as Idx(M) = {({,r) : r =
index;, (j), (¢, j) € M N (R x H)}. The set Idx(M) contains
the information of the pairs R’ X H that are matched in M.
Given M and Idx, we now define the following sets that will
be helpful in this proof. For every k € [n*], we define the set
of residents (W/]b ={wk e W : (6r) € Idx(M)}, and define

t,r

the sets of hospitals Wl;,l = {v’g,, €V : (¢r) € Idx(M)}, and
Vi, =i, €V (¢,r) € Tdx(M), e € [n] \ {r}}. Now, we pro-
vide an allocation of extra seats t with a total budget B = L - n’
and a stable matching My in ft.

Allocation of extra seats. For every k € [n*], we assign n

extra seats to each hospital in V), U V* . For the rest of the
hospitals, we assign no extra capacities. Formally, for k € [1*],



we havet, = 1ifv € Wl;,, U V% andt, = 0 otherwise. Since
L = |R’], all of the extra seats B = L - n° are used.

Matching. For each (¢,r) € Idx(M) with j such that r =
index;,(j) in I', we match the following pairs in M;: (w’;,r, 7,
(y’;,vﬁg,), and (WIZ’E,VIE’L)) for e € [n]\ {r} and k € [n*]. Note
that if j is ranked first by iy, the hospital is listed first or sec-
ond in the tie. If j is listed first, then » = 1 and we match the
pairs {(W} |, /)}ient), otherwise, r = 2 and we match the pairs
{W} 5, /) kernty. For each (i, j) € M with i € R”, we match
the pairs {(i*, /*)leput in My, where j* is a copy of j in H.
Formally, M; = {(*,j*) : (i,j) € M N (R" x H)and k €

') U AW, /5 o r = index;,(j), (rj) € M N (R x
Hyandk € [n*]} U{GX,7;,) : (6r) € Idx(M)andk €
[n*]} U {(w’;e v’;e) : (6,r) € 1dax(M), e € [n]\ {r}and k €

[ 1) U A 0 VE ). @ o VgD ety eetmpetntt VU (@p 2p)peti

The only hospitals that are matched to two residents are those
that receive one extra capacity according to vector t. All the
other hospitals are matched at most to one resident. Therefore,
My is a matching. Let us verify that Mt is a stable matchmg in
It. First, note that residents i* € R and hospitals j* € H
cannot create blocking pairs because of their stability in M.
Now, we check the stability of the pairs in each B*. where
ic € R with £ € [L], and k € [n']. The pairs matched in B}
are (wy ., /), (W ., Vi )» ), 5%, v,) and {(uy, ,v[p) (ugp,vlgp)}pe[n]
where e € [n] \ {r}.

The agents in the pair (wlg’r, j*) are not part of any blocking
pair; in fact, Wlf,r cannot be matched to any of the hospitals in

—k
{v’; SJUVA {7},,} because they have capacity one and they are

all matched to their most favorite resident in U U U. Also j*

cannot be part of a blocking pair. Indeed, all the residents w’ti, -

k

ranked in the hospital’ preference list before wy, ~are matched

to hosprtals of the form fo that they rank first or to another
hospital j’* they prefer over j* (due to the stabrhty of MinT).
k

For e € [n]\ {r}, w’{fe ranks Vie first, and vl, has capacny two

and ranks w{, second. Hence the n — 1 pairs (wg,, v[ ) do not
include any agent who may be part of a blockrng pair.

If r = 2, then yé, ranks V. v” first, and v v(, cannot be matched
to any of the residents in W" \ {w[r} because of the previous
point. Moreover, V. v[,r has capacity two and is also matched to
ﬁ]{ﬁwr. Therefore, the agents in the pair (y’; , v’;,,) do not take part in
a blocking pair when r = 2. If r # 2, then y’; ranks Vlg’r second or
r—1}:
Each V’{f,q has capacity one and it is already matched to ﬁ’{f#. On

more, and y’; cannot be matched to V]Zq forqg € {2,1,3,...,

the other hand, V(;, cannot create a blocking pair with any of
the residents in (W" \ {w€ } because these residents are matched
to thelr most preferred hospitals. Then, the agents in the pair
(y[, vg .) do not create blocking pairs for r # 2.

The pairs {(uk Ve p) (ug p ?]; p)} pefn] do not involve any agent
who could be part of a blocking pair. First, each of these listed
pairs matches two agents that rank each other first. Second,
for those hospitals with capacity two, from the previous points,
we conclude that there are no residents with which they could

create a blocking pair.

Therefore, Mt is a stable matching in ft. Next, we compute
the average hospital rank in M and M. In M, we can distinguish
whether a resident is in R” or R’ and we can distinguish if a
resident is matched to a hospital ranked first or not. Let G” be
the average hospital rank of residents in R”, K; be the average
hospital rank of the residents in R’ that are matched to a hospital
in their ties, and K, be the average hospital rank of the residents
in R’ that are matched to a hospital they rank third or more.
Note that K] is also the number of residents from R’ matched
to a hospital they rank first. The average hospital rank of M is

=G" + K/ +K;.

We now prove that, given k € [n*] and (£,r) € Tdx(M), the
average rank of the residents in village B} is: (n+n*-r+3)+(n—
1)+(2n). The first term comes from the residents matched in the
two pairs (wf ., /) and (%, ,): if r = 1, then wk | ranks j* at
position n +n® + 1 and y’; ranks V’}’l at position 2, thus summing
ton +n? +3;if r = 2 then wlzz ranks j* at position n + n? + 2
and y* ranks ¥, at position 1, thus summing to n + n® + 3;
if > 2, then wy, ranks j* at position n + (n> = )r + 2 + 1
and y’é ranks 7},2 at position r, thus summing to n + n*> + 3.
The second term comes from the (n — 1) residents matched in
the pairs {(er v’E Jeenir)- The third term comes from the 2n
residents matched in the pairs {(u[ p, vgp) (u[ D> vy p)} Note that
m+n?-r+3)+m-1D+@n) =n*>-r+3+@n—-1). Onthe
other hand, each resident i’; for{ € {L +1,...,n}is matched to
a hospital j*, and w.l.o.g. j is ranked r by i, in T'; therefore, if
ranks j* at position (n>+2)+1+(r=1)-(n>=1)+(r—1) = n>-r+3,
where the first term comes from the cardinality of the first set
ranked by i’;, the second term comes from the first j ranked by
iz, the third term comes from the number of sets of the form
V¥ 1[n? +2, e] (each of cardinality n> — 1) positioned before j*,
and the last term is the number of hospitals j’* ranked before j*.

Therefore, the residents in copy k have an average rank of
[n3-G” +3(n—L)]+n*-(K;+K.)+[3+(4n—1)]-(L) = n>-Ky+3(n—
L+L)+(@n—-1L = n?*- KM +4nL+ 3n — L, where the first term
comes from the residents i* pfor€ € {L+1,...,n} (note that when
we sum the contrlbutlon of each such res1dent we have the sum
comes frcm the resrdents {W[,w yé,} for ({’ r) € Idx(M) and the
third term comes from the remaining residents in the villages
indexed with k and the constant 3 multiplied by the number of
students in villages matched to a hospital j*. Note that when we
sum the contribution of each resident in every village that is not
matched to a hospital v’;’e, we have the sum 3 sc(1.41. n?-re+3,

where 7, is index;,(M(i¢))). Since k € [n*], then Angank(Mt)

isn* - (n* - Ky + 4nL + 3n — L) + n%, where the last term comes
from the residents in A. Hence AvgRank(M;) = n® - Ky, + n® +
4n°L + 3n° — n*L. ]

Appendix A.3. Village Example

We present an example of an instance of MiN-w SMT and
provide its reduced instance to an instance of MIN-AvGgx, HR.
Consider an instance  with K = 3, H = {ji, j»,j3} and R =
{i1,12,1i3}. Every agent has capacity 1, and the preference lists
are as follows.



12U 72 13 Ji it i, i3
ir 1 (J3, j2), Ji Jo i, i1, 13
i3 ij,jl,j3 j3 : il,i3,i2

Let us now provide the reduced instance of MIN-AvVGyy,

HR. The residents are R = {i3), (Whketniery =
W W Wi heet ikerst, Y = (v heet1.2) ke8115
A = Mai,..ane), U = {uf o, Yeen okeisis
W = {ﬁlgyl,ﬁlzz,ﬁlgﬁ}[e[l’z]!ke[gl]. The hospitals are
H = LA s, X = {ooxg) Vo=
V1 V2 VE 3 een1 21 kesns Vo= (Vi Vst onrest)s

Z ={z1,...,2729}. The budget of extra capacities is B = 486,
and the objective value is K = 2187 + 729 + 1944 + 729 — 162 =
5427. The preferences of the agents in the new instance are as
follows.

ar c 2y 21 dry...
a9 * 27295 - - - 2729 ¢ 47295 - -
X1 ...
X2187 + ...
Yk € [81] :
& ko, k ko ok
Iyt ri J1 - Wi1sWansls, ...

k.ook ok ok
Jo i Wy Wioslz, ...
k.ok ko k
J3 i Wiss i3 Wy s
residents in B'{ hospitals in B’f

residents in 85 hospitals in 8%

where the preference list of i’3‘ is ri’s‘ =
k+1 k+1 k+1 k+4 ik k+4 k+7 ik k+T k+9
1 Va oV3 e 22 V3 T Vy Vi o

13,Z,...,X.

To illustrate, we present the preference lists of the residents
in B’f and the preference lists of the hospitals in B’f. Given k €
[81], the preference lists of the residents in B’]‘ are as follows.

kK o.ok =k =k e+l 3k
Wi SV V12 Vi Vg s e oo 13,]1,Z,...,X

koook o=k ok kil kd ok
Wi Vs Vi Vg Vi s eV s Jgn Lo s X

kook o=k ok kel 9k
Wi VI3V Vi Vi see s V13503 Lse s X

k.ok =k et 1
yl.vlz,vll,vm,V Lo X
koLok
U Vi

ko.ok
Ujs Vg

Lk
Upz iVigsee.

—k .=k
ul’l . Vl,l’ B

—k .=k
ul’z . V1,2’ ce

—k .=k
Ml’3 . V1‘3, e

Given k € [81], the preference lists of the hospitals in B]f are
as follows.

ko.ok k 4 k 4

Vi1 -uu,ﬂ,wl’]s{W]’l}k%k’{(wg}[,k\{W]J}k’,---ny
Vb AW AWK Yk (W ek \ (W) Y
1,2 - U120 TG W 00 W oSk #ks 36k N WY ogk s e ey
ko.ok k 4 k 4

Vig ‘U 3»71 Wi 3s{W1 3}k’¢k’{(Wg}(,’,k \ {W1’3}k’,~--,«y

Vit AW W Ly AW e\ {w’;’l}k/#,...,y\{yﬁ}
Vo 1t 5 AW\ WL AW Hea \ W o dkske - Y\ DA
Vg i85 AW LAWY e\ {w1,3}k'¢k,...,y\ 0%

For k € [81], the preference lists of the residents in B’; and
the preference lists of the hospitals in B]; are similar.

Given a weakly stable matching in the instance of MIN-w
SMT, we find a stable matching in the reduced instance of Min-
AvGgy, HR.

We consider the weakly stable matching u =
{(i1, j1), (82, J3), (i3, J2)}, which has cost 3. The reduction
allocates one extra capacity to each school v’fl,v’i}i’f’l of

village B, and one extra capacity to each school v% ,,v4 ;7 |

of village B%, for every k € [81]. Note that a total of 486
extra capacities are allocated, thus exhausting the overall
budget B. Therefore, the matching induced by the reduc-
tion is made of the following pairs: {(a;,zi)}ier720;, and,
for every k € [81], {(w§,,v,), Ws,vE), O Vi heeri 21
A LDy O L 5 5 (G V). Gl V)b eeriners-
The overall cost of the matching just described is
729+81-2-(1+1+2)+13+13+12+2-3-(1+1)) = 5427,
which is exactly equal to the objective value K of the reduced
instance. In Figure A.2 we provide a graphic illustration of
the matching in the reduced instance. Note that w’l‘ , (wg D is
the only resident of village Bk (B ) that is not matched with a
school in their own village.



’residents Bk W]'(JJ/

hospitals B

k
2,1

’residents B\ wh | } hospitals B%

Figure A.2: Example of stable matching in the reduced instance. Note: ¢ €
[729] and k € [81].
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